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Abstract

We prove a stability version of Harper’s cube vertex isoperimetric inequality, showing that
subsets of the cube with vertex boundary close to the minimum possible are close to (generalised)
Hamming balls. Furthermore, we obtain a local stability result for ball-like sets that gives a sharp
estimate for the vertex boundary in terms of the distance from a ball, and so our stability result
is essentially tight (modulo a non-monotonicity phenomenon). We also give similar results for
the Kruskal-Katona Theorem and applications to new stability versions of some other results in
Extremal Combinatorics.

1 Introduction

Isoperimetric inequalities have a long history in mathematics, starting from the classical Euclidean
isoperimetric inequality in R? that balls minimise surface area among all sets with given volume.
There is also a rich theory of isoperimetric inequalities in the discrete setting, which has broad
connections to a number of topics, including the concentration of measure phenomena, random
graph and satisfiability thresholds and high-dimensional geometry. This theory starts with the
isoperimetric inequalities for the n-cube @, which is the graph on vertex set {0,1}"™ in which
vertices are adjacent if they differ in a single coordinate. There are two natural notions of boundary
for aset A C {0,1}": the vertezx boundary 0,(A) = {z' € {0,1}"\ A : za’ € E(Q,,) for some z € A}
and the edge boundary 0.(A) = {zy € E(Qn) : x € A,y ¢ A}.

This paper will be concerned with the vertex boundary, for which the isoperimetric inequality
was obtained by Harper [20]. To state his result, we define the simplical order on {0,1}" = P[n] by
A < Bif|A| > |B| or |A| = |B| and max(AAB) € B. We write Z,,, = T for its initial segment of
size m. Harper’s theorem states that if A C {0,1}" with |A| = m then |9,(A)| > |8,(Z)|. Given
this inequality, it is natural to ask for which structures equality holds (extremal configurations)
or approximate equality holds (stability). We are not aware of any results on these questions in
the previous literature (by constrast, there are several such results [8, 9, 17, 21, 25, 26] for the
edge-isoperimetric inequality in the cube).

Our first result gives a stability result for Harper’s theorem for sets that have the same size
as a Hamming ball B = B?_,(C) = {A C {0,1}" : |AAC| < n — k}; here we note that all
such balls have the same vertex-boundary (they can be identified by automorphisms of @,,) and if
m = (2) = Xl (3) then T = (5}) = Uiy (7) = Bi_i(In))-
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Theorem 1.1. Suppose § € (0,1) and A C {0,1}" with |A] = m = (I}) and [0,(A)| < (1 +
£)(,"), with ¢ = 10735, Then |AAH| < 5(2:}) for some Hamming ball H. Furthermore, if

|[AAH| = 2D then |0,(A)| > |0,(T)| where T =Zym—p U (Zap \ Iim)-
Remarks.

(i) Theorem 1.1 is tight up to the value of the constant ¢. For example, if n = 2k — 1 is odd then
a ‘projected Hamming ball’ A = {A C [n] : [AN[n—2]| > k — 1} has size |A| = 27! = (}),

boundary [9,(A4)] = 1(173) = MDOED (1) = (14 1)(,",) bt [AAK| 2 () fo

any Hamming ball H.

(ii) The ‘furthermore’ statement of Theorem 1.1 is a strong ‘local stability’ result that gives a
sharp estimate for the vertex boundary in terms of the distance from a ball; it implies that if
the first statement holds with any value of ¢ then it in fact holds with an essentially optimal
value. In particular, we obtain uniqueness of the extremal configurations: if |,(A)| = ("))
then A is a Hamming ball.

(iii) Tt is tempting to guess that the local stability result determines the exact dependence of ¢ on 6,
i.e. the minimum possible value of |9, (A)| over all A with |A| = m and given |AAH| < (Zj)
Somewhat surprisingly, this is not true, as the minimum value of |9,(.A)| is not monotone

in [AAH|. For example, if n = 5 and k = 3 (so m = 16) then for D = 0,1,2,3,4 we have
10,(7)| = 10,12, 13,12, 13.

As Theorem 1.1 describes the stability of Harper’s theorem for special values of m = |.A|, one

will naturally ask next about general m, say m = (21?4-1) +m/ with 0 < m’ < (}). Here we note

that if A = (z[ﬂ-l) U C where C C ([Z]) with [C| = m/ then [9,(A)| = (}) —m' + |0C|, where
oC = {B ¢ (k[’_l]l) : B C Aforsome A € C} is the (lower) shadow of C. By Harper’s theorem,
0,(A)] > [0u(Zm)] = () —m' + |8If,’f,)|, where T is the initial segment of length m’ in the

m
colex order on ([Z]) (where A < B if max(AAB) € B). Equivalently, |0C| > |8I7(T]f,)|, which is the
Kruskal-Katona theorem (see [27, 22]). Thus a stability result for the Kruskal-Katona theorem is
a prerequisite for one in the general case of Harper’s theorem.

The extremal configurations in the Kruskal-Katona theorem were classified by Fiiredi and Griggs
[19] and independently by Mors [29]. In the stability context, it is more convenient! to work with
the following slightly weaker version of the Kruskal-Katona theorem due to Lovdsz [28]: regarding
(3) =x(z—1)...(x—k+1)/k! as a polynomial in z € R, if A C ([Z]) and |A| = (}) with z > k then
|0(A)| > (,%,). Keevash [24] gave a stability? version of this result, showing that for any k € N
and 6 > 0 there is € > 0 so that for A C ([Z]), if |[A| = (}) with > k and |9(A)| < (1+¢)(,%,)
then |AA (2)| < §(7) for some S € ([[Z%) Our next theorem concerns sets that are somewhat
closer to a clique (with distance on a scale of (i:i) rather than (7)), for which we give a stronger
stability result with parameters that are tight up to the value of the constant c. Furthermore, as in
Theorem 1.1, we obtain a strong ‘local stability’ result that gives a sharp estimate for the shadow
boundary in terms of the distance from a clique, which implies an essentially optimal dependence

of parameters (again with the non-monotonicity caveat). In particular, this gives another proof for

!The exact function implicit in the Kruskal-Katona theorem is rather pathological: Frankl, Matsumoto, Ruzsa and
Tokushige [16] proved that an appropriate rescaling converges to the Takagi function, which is continuous but nowhere
differentiable.

20ur use of the term ‘stability’ in this paper refers to results that are also known as ‘99% stability’ results, in that they
describe structures that are very close to optimal. In many contexts it is also interesting to describe some properties of
structures that are only within a constant factor of optimal; such a ‘1% stability’ result for the Kruskal-Katona theorem
was given by O’Donnell and Wimmer [30].



uniqueness of the extremal examples in the Lovasz form of Kruskal-Katona, i.e. if [0(A)| = (,%,)
then 2 € N and A = (3) for some S € (")), For S C [n] we define

‘7|E9k|)7E1,E2 = IET;L_1)+E1 U (IE%) \IE|S|)) (1)

Theorem 1.2. If 6o € (0,1) and A C ([Z]) with |[A] = (3) and [0(A)] < (1 + £)(,%,), with
c=107%, then |AA( )| < 5o(|s| 1) for some S C [n]. Furthermore if AN (“2)| = (‘Slk,_l) + E;

and |A\ ()] = By where 0 < By, By < (15171) then |0(A)| > |0(J, ‘S‘ 5m)l-

Now we return to the structural characterisation of Harper’s theorem for general sizes of the
family A. Given the stability results in Theorems 1.1 and 1.2, one might conjecture a similar
stability statement for initial segments of the simplicial order. However, this is not true, as there
is another extremal configuration! Suppose m = ( o ) + (Z) with £ < s <n. Let

>k+1
G =G v @) and G = () v (R U (GD).
Then G; = Z,, is the initial segment of size m in the simplical order, which is extremal by Harper’s

theorem. Also, [Ga| = 2] = m and 0,(G2) = (2) — () + (=) = () — () + (") = 0u(G)].
Furthermore, if s < n then G; and G, are not isomorphic. We refer to G; and G, as generalised
Hamming balls. Our general stability result for Harper’s theorem roughly says that any family that
is close to extremal must be close to a generalised Hamming ball. As for our stability result for
Kruskal-Katona, our benchmark will be the corresponding Lovéasz form of the vertex isoperimetric

inequality: if A C {0,1}" with |A| = (Z:H) + (§) then

100 (A) > Biow(lAD) := (1) = () + (%) (2)

Again, our parameters are essentially optimal, as we also obtain a local stability result, with respect
to the constructions

jm D,E ‘= Zyp-p U (Im-i-E \I )
Theorem 1.3. Let§ € (0,1), c = 1071°5 and A C {0, 1}" with |A| = (>k+1) (3) for some k > 2.

If 10, (A)| < Biow(|A]) + M( 1) then |AAG] < 6(3- ) for some generalised Hamming ball G.
Furthermore, writing m = |G|, D = |G\ A|, E = |A\ G|, we have |0,(A)| > |0y(Tm.D.E)|-

Note that the assumption & > 2 in Theorem 1.3 is necessary, as if [A| > (>2) then 0,(A) =
{0,1}™\ A, regardless of the structure of .4, so there is no stability.

We also give several applications of the above theorems to stability versions of other results in
Extremal Combinatorics. We start with the classical Erd6s-Ko-Rado theorem [12], that if £ < n/2
and A C (1) is intersecting (AN B # 0 for all A, B € A) then |A] < (}71), and if k& < n/2 then
equality holds only for a star S; = {A € ([Z]) : 4 € A}. There are many stability versions of this
inequality in the literature (see [3, 4, 7, 10, 13, 18, 24]).

Here we will prove a tight stability result for intersecting families with size sufficiently close to
that of a star, which determines exactly how large such a family can be in terms of the number E of
sets outside the star. Given E < (7~ 1) we show that there is an extremal family Fr = Fgt UF @,
where F2"* consists of the final E sets of (["]k{l}) in colex order, and Fi* C Sy consists of all sets
in the star that intersect all sets in Fg*t. Note that as E < (Z:f) all sets in Fg* contain n, so Fg
is intersecting.

Theorem 1.4. Let § € (0,1/4), ¢ = 107120 and n,k € N with 2k < n. Suppose A C ([Z])
is intersecting. If |A| > (1 — @)(z:}) then there is a star S with E = |A\ S| < 20|S].
Furthermore, |A| < |Fg|. In particular, if E = (, ) where u < n —2 then |A| < (1) -

“ k-1
(0) + B



Remark: The upper bound on |A\ S| above follows from Theorem 1.2 of Das and Tran in [4].

Next we consider a theorem of Katona [23] on families A C {0,1}" that are t-intersecting
(JANB| >t for all A, B € A). For simplicity we just consider the case that n 4+t = 2k is even, in
which case Katona’s theorem gives |A| < ({}). If ¢ > 2 then equality holds only for the Hamming

ball ([>",]€) Here we prove a tight stability result for t¢-intersecting families with size sufficiently
close to that of a Hamming ball, which determines exactly how large such a family can be in
terms of the number E of sets outside the ball. Given k,n € N, t =2k —n > 2, E < (Zj), we
show that there is an extremal family G obtained from (gl,l) by adding the initial E elements of

(") in colex and deleting the final £’ elements of (") in colex, where E' is minimum subject to
1y (k) n
|0t 1(1(2)713/)' < (,_hi1) —E

Theorem 1.5. Let k,n € N so that k 4+t even, t =2k —n > 2, and 0 = min{1076tn716t2/", 1}
and 6 € (0,1/4). If A C {0,1}" is t-intersecting and |A| > (an) —05(771) then B == |A\ (gll]ﬂ)| <
596(2:1), s0 \AA(@,]C)\ < 1195(2:}). Furthermore, |A| < |Gg|. In particular, if E = (") where

u<n-—1 then |A| _S (;k) +E— (ngk)'

For our final application we consider the Erdés Matching Conjecture (see [11]) that the maximum
size of A C ([z]) with no matching of size t+1 is achieved by ([tk+,f_1]) orSp={A¢€ ([Z]) D |ANT) #
0} for some T € ([?]). Ellis, Keller and Lifshitz [10] showed how stability for this problem can be
deduced from isoperimetric stability. (We thank Noam Lifshitz for drawing this to our attention
and suggesting that we might be able to obtain the improved bounds given here.) Frankl [14]
showed that the S are (uniquely) extremal for n > (2t + 1)k — ¢t. We will use this to obtain the
following stability result.

Theorem 1.6. Letd € (0,1/4), c =105 and r,t,k,n € N withr < k andn > (2t+1)(k+r)—t.
IfAC ([Z]) has no matching of size t+1 and |A| > (}) — (14 2%)(".") then there is T € ([?]) such

that |AAST| < 36(" "),

The main new proof technique in our paper is a method for extracting stability results from
compression arguments. As far as we are aware, all known proofs of Harper’s Theorem use some
form of compression, i.e. replacing any family by a sequence of successively ‘simpler’ families of the
same size without increasing the vertex boundary. One can prove Harper’s Theorem by showing
that there is such a sequence that transforms any family into an initial segment of the simplicial
order. As it applies to any family, it may at first seem hopeless to obtain any structural information
from this process. However, for a suitably gradual sequence of transformations, we are able to use
the property of having small vertex boundary to keep track of the structure of families under the
reversal of the compressions. A key tool in this analysis is a local stability result showing that sets
with small vertex boundary that are reasonably close to an extremal example must in fact be very
close to an extremal example; thus we can rule out a possible cumulative effect of a sequence of
small adjustments from the compressions.

The organisation of this paper is as follows. In the next section we collect various technical esti-
mates concerning binomial coefficients that will be used throughout the paper. We prove stability
for Kruskal-Katona in section 3 and for Harper’s Theorem in section 4. The applications are given
in section 5, and the final section contains some concluding remarks.

Notation. We write P(S) for the power set (set of subsets) of a set S. Throughout we identify
P[n] with {0,1}", where a set A corresponds to its characteristic vector. We also write (i) ={AC
S : |A] = k}. The complement of A C [n] is A° :=[n]\ A. For z € A we write A —z = A\ {z}.
For x € A® we write A + 2 = AU {z}. Given integers m < n we write [m,n] := {m,m+1,...,n}
and let [n] := [1,n]. We let a = b denote some unspecified real number between a — b and a + b.



2 Estimates

This section contains various properties of and estimates for binomial coefficients that will be used
throughout the paper. We start by stating some simple formulae and inequalities for easy reference,
which will henceforth be used without comment:

— — — -1 — -1
M=+ GO == (E)0 T = =
GO =5 (D0 =565 < win

(7)) = o), Mkl Z el o) < (e ) i 0> k41,

Next we give two lemmas concerning approximations of (i) by (Z) We omit the straightforward
proof of the first of these.

< (5= wtL)k. Therefore

Lemma 2.1. Forz >y >k —1 we have (%)’C <(H ) = H
(i) ify>k—1and x> (1+6)y with 6 >0 then (7) > (1+6) (
(it) if y > (14 a)k with o> 0 and (7) > (1+6)(}) with 6 € [0,1] then x> (1 + 2k(1+a))y

Lemma 2.2. Suppose k > 2, x>y >k—1,0<c¢<1/2 and (z) = (1 :i:c)(Z) Then (ij) =
(L£o)({0y). (0 = Q£ R (") (Fy > k) and (77) = L £ o) ().

Proof. Note that (7_1)(Y~1) I_Hf 112 =t >lasa >y, and (f_1) (V1) 1:(i)(z)7ly<1+c.
:ty

Wededue () = ()= (1) = (120) (] (120 (1) = () kel £el(2)) = 020 (7).
Similarty, (1) > (/1) and () (/1) = () DT < 1o (a4 1y 1 B) <
(y+1)(x+1-k). 0O

The remainder of this section is mostly concerned with properties of the following functions.
For k € N we define fy, : [0,00) — [1,00) and g : (kK — 1,00) — (0,00) by

fe((E) = (%) for x>k—1 and gp(z)= Z(x —i)~ L

Note that fi(t) = 1 for all ¢ > 0 and (})gx(x) is the derivative of (§) with respect to z. As
(k)gk( ) > (k)% = (ij), by the Mean Value Theorem we have

(zzc) > (2) + c(ij) for all ¢ > 0. (3)

The most important feature of fj for our purposes is that it is concave, and that we have an
effective estimate for its second derivative, as follows.

Lemma 2.3. Ifk>2, x>k—1andt= (2) then

kgk—l(x) 1" k(gllcfl(x) - gk—l(x 2)
(x —k+1)gp(z)’ k t(x —k+1)2gp(x)3

and if v > k — 1+« with a > 0 then —f]/(t) > (2 +a 1) (x —k + 1)t)~*

(t) =

fi(t) =

Proof. Differentiating the identity fi(t) = (,*,) with respect to z gives f,(t)tgr(z) = (,” ) gr—1(2),
and hence the stated formula for f;(t). Substituting gx—1(x) = gr(z) — (x — k +1)~! and differen-
tiating again gives

" ()tg(x) = k(2gk(x) +(;x_—kk++ %)(g ((;;)2 g () )).

5



To deduce the stated formula for f;/(t) we need to show
201 (x) + (z =k + 1) (g5 (2) = gr(2)*) = (& — k + 1)(gh_1(2) = gr-1(2)*).

Using g;,_,(z) = gi(z) + (2 —k+1)"? and gi(2)* = gr—1(2)* = (gx(2) — ge-1(2)) (g (2) + gr—1(2)) =
(r —k + 1)"Y(gr(x) + gr—1(z)) reduces this to the identity gi(z) = gr_1(x) + (x — k +1)7}, so
the formula is valid. To see the final statement, we first note that g;,_,(z) = — Ef:_oQ (x—i)72 <0
sincek>2and (x—k+ 1)< (1+a ) (z—k+2)71 s0 ge(z) < (2+a Hgr_1(z). Thus

—Ji () > k(2 + a7 (@ — b+ 1)?gr(x)t) 7,
which with (z — k + 1)gr(z) < k gives the required bound. O

Next we record a simple consequence of the concavity shown in the previous lemma.

Lemma 2.4. Suppose > >2 and 0 < z < (57]). Then q(z) == fo((}) — 2) + fe—1(2) > (,*,)-

Proof. Note that q is concave by Lemma 2.3 with q((”lf:ll)) = (a,f:;) + (5:21) = (,%,) and ¢(0) =

(gfl) + 1. The lemma follows. N

In the following two lemmas we show how an estimate for the second derivative of a concave
function f translates into an effective estimate for certain differences of the form (f(y) + f(z)) —
(f(a)+ f(b)) wherea <y < z<bwithy+z=a+b.

Lemma 2.5. Suppose g : [a,b] = R is concave and non-negative and —g" (t) > m fort € [a, c] with
c=a+w<(a+b)/2. Then gla+d) > dwm/4 for d € [0,c — al.

Proof. By Taylor’s theorem, we have a < t; < ¢ <ty < b with

0 < g(a) = g(¢) —wg'(c) + 3w’g" (1), and
0<g(b)=g(c)+ (b—0)g'(c) + 5(b—0)*g"(t2), so
0< (b—0¢)(g(c) —wg'(c) + 3w’y (t1))

+w(g(c) + (

By concavity, g(a + d) > %g(c) > dwm/4, as required. o

Lemma 2.6. Let f : [a,b] — R be concave with —f"(t) > m fort € [a,a + w] with w < (b—a)/2.
Suppose a <y <z <bwithy+z=a+band f(y)+ f(2) < f(a)+ f(b)+P. Theny—a < 4P/muw.

Proof. Define ¢(t) = f(t) — h(t) where h is the linear function with h(a) = f(a) and h(b) = f(b).
Then g is concave and non-negative, g(a) = g(b) = 0, ¢"(t) = f"(t) and g(y) < g(y) + g(z) < P.
Also g(y) > (y — a)wm/4 by Lemma 2.5, so y — a < 4®/mw. O

Now we state some specific instances of Lemma 2.6 (using Lemma 2.3) that will be used later
in the paper.

Lemma 2.7. Letn>x > /0> 2.

(i) Suppose y,z € N satisfy 0 < y < z < (}), with (}) > y+2z =X > (}) — 1(}) and
Fely) + fe(2) <1+ fo(X) + £(,%) . Then y < 400¢(77;).

(ii) Suppose y,z € N with 0 <y < z < (}), withy+ 2z = (}) + E, where 0 < E < 1(7), and
fo@) + fe(2) < fo(B) + (")) + £(,%,). Theny < E+400c(5_}).



(i) Suppose (1 +0)(7) < (). () < v < = < () withy+2 = () + () ond fio) + £(2) <
() + () + £G). Then'y < () + 7202 (51). Furthermore, if () < (") + (37}

and fo(y) + fo(z) < (%) + (") + ZL220 (2 ) then y < (%) +250¢ (273).

Proof. For (i), let a = %, b = X — 1 and note that 1 + f,(X) < fe(a) + fo(b) by concavity,
so fe(y) + fe(2) < fe(a) + fo(b) + ©, where & = g(j) Applying Lemma 2.6 with w = %(j) and

= (16(x—(+1)(5)) " (by Lemma 2.3 with o = 1) gives y—a < 4®/mw < 4<(,*,)-48(z—(+1) <
2000(“ 1) Now if 3 < 200¢ (- 1) this gives y < 400¢ (5~ ) Otherwise y < %4—2000(’5:11) < 1 giving
y=0< 4OOC(£_1) by integrality. The proof of (ii) is the same, using b = (z) + E — a. Similarly, for
(iii), applying Lemma 2.6 with a = (7), b= (}), ® = £(}), w = g(;) and m = (9(z — £+ 1)(7))~*

(taking o = 1) gives y —a < 7209_1(“"71) For the ‘furthermore’ statement, we apply this bound

withe = <G () )o(5) " < 9 noting that (7) > ())+3 (7)) = (D tapn (") = 146)(7)

: _ 4

Next we give a similar statement to that of the previous lemma for certain sums involving both
fr and fr_1.

Lemma 2.8. Letx >k >3, X = (Igl) and Y = (i:i) Suppose 0 < y <Y with fr(X +y) +

o1 (Y —y) < (,%,) + £(,7,)- Then y & [600cY, (1 — 600c)Y]. Furthermore, if x > k + 1 then

y ¢ [107c(;72), (1 — 600c)Y].

Proof. Let ey, : [X,X +Y] — R and e;_; : [0,Y] — R be the linear functions with e, (X) = (71,
en(X +Y) = ("), ex—1(0) = 0 and ex_1(Y) = (¥_}). Note that

en(X +y)+exr1(Y —y) = (ij) + %((1@:) - (ij)) +(1-¢ )(i é) (km1)

Let hy = fr —ex and hy_1 = fr_1 — ex_1. Then hy and hi_1 are concave and non-negative, with
hk(X)th(Xﬁ-Y):hk,l(Y):O, hkfl( )—land hk(X—i-y)—l—hk 1(Y y) < (k 1)

Next note that (k_szll/4) < 1/4 < Y/4, so Lemma 2.3 with a = 1/4 gives —h}/_,(t) > m =
(18(x — k+1)Y)~! for t € [Y/4,Y/2]. Applying Lemma 2.5 witha =d=w=Y/4and b=Y
gives hj_1(Y/2) > (Y/4)?m/4 = (1152(x — k + 1)) 1Y, By concavity, for z € [600cY, (1 — 600c)Y]
we have hy_1(z) > 1200ch,_1(Y/2) > £(,%,) > he—1(Y —y), so y ¢ [600cY, (1 — 600c)Y].

For the ‘furthermore’ statement, we can assume x < (14 )k, with v := ™9, as otherwise Y =
%(i:f) § 1";“’ (k 1) so 600cY < 107¢ ( ) Let £ = %(Zj) and define £ by X + F = (‘"”_,14'5),
so 0 <& < 1 by (3). We claim that hj (X + E) > VIS ey B

First we assume the claim and complete the proof. We have h} (X +z) > h} (X+E) for z € [0, E],
so hi(F) > 12(w7k+1””/€)($7k+1) > 7+-(,%,)- Then by concavity hy(X +2) > £(,%,) > he(X +y)
for all z € [107¢(7-7),Y/2], so y ¢ [107¢(}~2), (1 — 600c)Y].

To prove the claim, we note that eg has gradient ((kfl) - (ij)) ((i) — (2;1))71 < x_Lk_H, SO
by Lemma 2.3

v

/ / k ! i
fiX + E) — e, (X +2) xf]ngg(l_ (xkarf)gk(ﬂC*lJrf))_x*kJrl

-~ k(1-¢) 3 k
T (—k+Oa—k+1) (x—k+)2gxz—1+¢)

1 x k
fokJr{(S(xkarl)_(x7k+§)gk(xfl+£))’ (4)



ask(l1—¢) > 55557 =2 3- Ase>k+1wehavex —k+{ > (x—k+1)/2 and < (1 4+ )k gives

log (%) > log(1 ) > 8. Thus

2w —k+E)gp(x —1+6) > a(z — k+&)log (g:};g) > dk(z — k + 1)
In combination with (4) this proves the claim, and so the lemma. O

We conclude this section with a technical lemma needed in the next section.

Lemma 2.9. Let k > 3. Define ¢: [1,k+1] = R by ¢(t) = _%_z—#kﬂ’ where k <x <k-+1
with (7) =t. Then ¢(1) = ¢(k +1) =0, ¢ is concave, and ¢(2) > 3.
Proof. We have ¢(1) = k — 151 — ;=5 = 0 and ¢(k + 1) = k — 25=L — —F— — 0. Also,

t(z) = (%) is a convex function of x, so has a concave inverse z(t), so —1/x(t) is concave, so ¢ is
concave. To estimate ¢(2), we let § € (0,1) be such that (k+9) = 2, and apply the Mean Value
Theorem to get 2 = (*17) < 0(" %) gr(k + ) <26 log b0 < 29 log(k: +1), 50 6 > 1/log(k +1).

1 3
Then ¢(2) > k — 5 — 1+1/10g(k+1) = 1+log(k+1) 2 > T+log(d) > 1 =

3 Stability for the Kruskal-Katona theorem

In this section we prove Theorem 1.2. We start by recording some basic properties of shadows that
will be used throughout the paper.

Lemma 3.1. Let s,k € N with s > k, m = (Z), m' = (8;1) and 0 < E1,Ey < (;j) Then
(i) 0T g) = (53 U (OTE V) +9).

(i) ITL) o \TW) =T U (9T ) + (5 + 1)).

(iii) O(IT\'%, p,) = a(I““LEJ (0T, ) + (s +1)-
() |0( a+b)\ <10 ( a )\ + |8(I,§k))|, with strict inequality if k > 2 and a > b > 0.

Proof. Statements (i) and (ii) are clear, and imply (iii), recalling from (1) the definition of js BB
and noting that Igz_l) C ([,‘Zj]). For (iv), let A be the union of copies of 7% and I,S ) on disjoint
vertex sets. Then |8(I(§k))\ + |8(I<k )| =10(A)| > |8(I‘5}2b)| by Kruskal-Katona. If equality holds
then the vertex sets satisfy |V(I{§i)b)| = |V(I,gk))\ + |V(I£k))\ by [19, Corollary 2.2]. However, this
is impossible for £ > 2 and a > b > 0. To see this, consider A’ obtained from A by deleting some

v E V(IIE )) say of degree d, and adding d sets AU {u} with A € ( “k )) and u € V(I(k )\ {v}.
Then [A'| = |A] and [V(A)| > [V(A)] > [V(ZL,)] =

Next we show local stability, i.e. a sharp estimate for the shadow of families that are close to a
clique.

Lemma 3.2. Let A C ([Z]), s€n], A =AN ([S]) and Az = A\ Ay. Suppose |A;| = (5;1) + Eq

and |As| = By, with 0 < By, By < (;71). Then [0(A)| > [0(T%), ).

Proof. For s <t <nlet A} be the set of all A —t € (k[f]l) where A € A} with max A = ¢. Then

0(A)] > [0(AD |+ [0(AY)] > |(Z(%, |+Z|a IO = 108 AT D = 1075, &)
t>s

using Kruskal-Katona, then Lemma 3.1.iv, and finally Lemma 3.1.iii. O



Now we describe the compression operations that will be used throughout the paper. Given
disjoint sets U,V C [n], the Cy v compression of a set A C [n] is given by

(A\U)UV  ifUCAand VNA=I;

A otherwise.

Cuyv(A) = {

Given a family A C {0,1}" the Cy,y compression of A, denoted Cy v (A), is given by
Cuyv(A) = {Cva(A) tAe .A} U {A :Cuv(4) € A}

The following result, essentially due to Daykin [5] (see also [1, 2, 15]) shows that for any A C ([Z])
there is a sequence of (U, V)-compressions which compress A to an initial segment of colex with
the property that successive compressions do not increase the shadow (in particular this proves
Kruskal-Katona).

Theorem 3.3. Let A C ([Z]) with |A| = m. Then there is a sequence {(Us, Vi)}icir) where
Ui, Vi C [n] are disjoint with |U;| = |Vi| for all i € [L], such that defining Ay = A and iteratively
A; == Cy, v.(Ai_1) fori € [L], each |0(A;)| < |0(As—1)| and Ap = TS,

As discussed in the introduction, our proof of Theorem 1.2 analyses the reversal of the above
compressions. To do so, in each decompression step in which we might in theory lose control on
the distance from a clique, we will apply the following lemma which shows that this control is in
fact maintained.

Lemma 3.4. Given k € N, § € (0,1) and c = 10785, if A C ([Z]) with |A| = (§) and [0(A)] <
(1+£)(,%,) then

(i) [[Al = (3| < 535} for some M € {|z],[]},
(ii) if |(3) \Al < (1= 8)(Y7)) with |S| = M as (i) then |(3) \ Al < 6(3)).

Proof. The case k = 1 is trivial. Next we consider k¥ = 2. Let M = |0(A)|. Then z < M <
(1+£)(]) =x+cand |A] = (Mic) = (4) £0(M —1), so (i) holds. For (ii), let A’ = AN (}j), and
note that [A’| > (*;'). Then dA’ = S = dA by Kruskal-Katona, so |({) \ A| = 0. Thus we may
assume k > 3. We erte A=) =X+Y with X = (*,") and Y = (}_}).

Next we assume (i) holds and prove (ii). Write A1 = AN (7)), Az = A\ As, |A;| = (M_l) +Ey
and [As| = E. Wehave 0 < By < (3 = (M) = (A7) and 0 < B» < |(Q)\Al+3(Y - <1 -

5)(121_11) so |[0(A)| > |0(T, ](Vf)El 5,)| by Lemma 3.2. By the Lovasz version of the Kruskal-Katona

theorem and Lemma 3.1.iii we deduce fi((} ") + E1) + fro1(E2) < (1 + £)(,”,). With notation
as in Lemma 2.8, writing Es =Y — y we have (k—l) + FEy =X 4y, soy ¢ [600cY, (1 — 600c)Y].
As (D) = 1A= (O £ (05 = =9 (), by Lemma 2.2 we have (7_1) = (1£20)(}7). Then
y=Y — FEy > ( ) (1- 7)(1‘: 11) > 600cY, so y > (1 —600c)Y, giving Ey < 600cY, and so
\( I\NAl < B+ $(5)) <6(°7)), as required.

It remains to prove (i) for £ > 3. We now consider the case z < k+1,s0 1 <m := |A| <k+1.
We can assume m > 2, or (i) holds with M = k. Note that ¥ = {[k+1]\ {2} ;i € [m]} and
AITWY = {[k+1)\{i,j} : {i,j}N[m] # B}, so by Kruskal-Katona, |9(A)| > [0(ZF)| = mk (™). By
hypothesis, [0(A)| < (14 £)(,7,), where (,%,) = 2=, so md)( ) < £(,%,), with ¢ as in Lemma
2.9. By concavity, for t € [2, k41— k] we have top(t) > to(2 )k T > ST( ) > Z’i (.51) > <(.7))-
Thus m > k+1— 5(1@ 1), i.e. (i) holds with M =k + 1 in this case.

Continuing with the proof of (i), we can assume k > 3 and z > k + 1. Let My = |z] and
y=")-X,s0 A =X +y) + ¥ —y) = (") + (¥ —y). We can assume y > 1, otherwise
(i) holds. By Kruskal-Katona, Lemma 3.1.i and the Lovész form of Kruskal-Katona we have




04| > 8(T E’“ vy = (M) + 10787 > fulX +y) + fu-1(Y —y). By hypothesis, |9(A)| <
k

(1+£)(,*,), so Lemma 2.8 gives y ¢ [107¢(7~2), (1 — 600c) (7 _})]-
Consider the case y > (1—600c) (;_1). We have ( °) = X+y = (§)£600c(;_]) = (1£600c) (7).

SO (Ago__ll) = (1 £ 2400¢) (Zj) by Lemma 2.2, so with M = M, we have

(") = (¥) £600c(1 + 2400c) (Y1) = (7) £ 10% ().
It remains to consider y < 1070( ) Then (M°) X+y= (x 1) +107¢c ( ) (1+107¢ )( ),
as ¢ > k+ 1. By Lemma 2.2 we have (%°7") = (1 £107¢)(;73), so () = (}°) - (%@_11) =
(") £107c¢((77) — (1 £ 107¢)(;72) = (777) £2-107¢(;-2). Taking M = My + 1 we have

(A;f) = (%) + (1) = () £ 10720 + 1 £2-107) (5 25) = () + 5 (55)- =
We conclude this section by proving our stability result for Kruskal-Katona.

Proof of Theorem 1.2. Suppose dg > 0, let § = min(%, ‘?—0) and ¢ = 10785. Suppose A C ([n]) with
Al =m = (}) and |[9(A)| < (1+ £)(,7,). We can assume m > 1, so # > k. By Lemma 3.4.i there
is M € {|z], [«]} with ||A] — (A]f)| < %(A]:I:f). Let {(Us, Vi) }ieqr) be the sequence of compressions
provided by Theorem 3.3, so that A, = Z\¥) and each 10(A;)| < [0(A)] < (1+£)(,",). We show by
induction on ¢ with L >4 > 0 that there is some S; € (["]) with |(%) \ Al < 5( D). As Ao = A,
this will prove the theorem, as we obtain |(S,€°)A.A| <35(% ") < 00(f7)), and the ‘furthermore’
statement holds by Lemma 3.2.

As Ap = I,gf) the base case holds with S;, = [M]. For the induction step, we suppose the
required statement for ¢ and prove it for i — 1. Let B; = (i) \VAj for j € {i -1 z} The
induction hypothesis is |B;| < 6(M 1) Note that if A € A; N (5,;) and A ¢ A;,_1 N ( ') then
Vi C AC S;andso |Bi—1| <|Bi|+ (¥7|%‘) In the case that (]l::l“//“) (1 —25)(k_1) this implies
|Bi—1| < |Bi| + (A,j__l%l) <@=-8(h. As[o(Ai1)| < 1+ £)(,",), Lemma 3.4.ii improves this
bound to |B;_1| < 5(],\;[__11), so the induction step holds with S;_1 = S;.

It remains to consider the case that (]\1:[7\‘\}/”) (1-29) (M_l) If |V;| > 2 this implies 26(M —1) >
M — k. We may assume that V; C S; and U; ¢ S; as otherwise |B;_1| < |B;| < (5( ) Let Ty = S;

and T) = (S; \ Vi) UU;. We have |(%)) \ 4| < [(5) \ Ail <6(3)) and

|Vil Vil

N EW < () = ) =30 () <30 () 00 < (4 125 (),

=1 i=1

using 32K <24 if [V;| > 2. As § < 1/8, this gives

)\ i 4 )\ i < )\ d] + (8 Vs + [ (5

(1+26+ 2 25>( 1) <200 =055

Therefore |(7) \ Ai_1| < (1 —0)(}7}') for some j € {0,1}. As before, Lemma 3.4.ii improves this
|( N\ Ai—1| < 8(% 1), so the inductive step is complete with S;_1 == Tj. O

4 Stability for the cube vertex isoperimetric inequality

In this section we will prove Theorems 1.1 and 1.3. Similarly to our stability result for Kruskal-
Katona, the proofs proceed by analyzing compression operators via local stability. We require
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the existence of a sequence of compressions that can transform any family A into some C that
is ‘ball-like’, meaning that (2[];:]_1) cCcC (gll]c) for some k. Similarly to before, we require these
compressions to maintain the size of the family and not increase the size of its vertex boundary.
We also require some further structural properties of the sequence: we always use compressions
Cy,v with [V| = |U| + 1, and after some initial set of compressions Cy ;1 the family A; is always
an upset, i.e. if A € A; and A C B then B € A;. The formal statement is as follows.

Theorem 4.1. Given A C {0,1}" there are Ly,L1 € N with 0 < Ly < Ly and pairs of sets
{(Us, Vi) Yierr,) so that, setting Ag = A and A; := Cuy, v,(Ai—1) for all i € [Ly], the following hold:

(1) U;NV; =0 for all i € [L1];

(i1) |Vi| = |Us| + 1 for all i € [L1];
(iii) |U;| =0 fori € [Lo] and |U;| > 1 fori € [Lo+ 1, L1];
(iv) A; is an upset for all i € [Lo, Lq],

(v) 105(Ai)| < [0u(Ai1)| for alli € [Lq];

(vi) Ar, = (Z[kTil) U B where B C ([Z]) for some k.

It seems that Theorem 4.1 does not appear in the literature, although it is an easy extension of

known results (similar statements are given in [1, 2, 5, 15]), so rather than giving a complete proof
we will just briefly indicate why the required sequence of compressions exists:

e Given A C {0,1}", the family Cj 1;1(A) has the same size as A and has vertex boundary at
most that of A. Repeatedly applying such compressions for different ¢ € [n], we obtain an
upset with vertex boundary at most that of A.

e Given disjoint sets U, V' C [n] with |U| < |V, the family Cy v (A) has at least as many elements
of (gl,]c) as A. Furthermore, if A is not ball-like then there are disjoint sets U,V C [n] with
|V =|U| + 1 so that Cy,v(A) is closer to a ball-like set.

o If Cyryvi(A) =Aforall U’ Cc U with |U’| = |U| —1and V' C V with |V’'| = |V| — 1 then
|0, (Cu,v (A))] < 10y(A)| and Cy,v (A) is closer to a ball-like set. Furthermore, if A is an upset
then so is Cy,y (A).

From the above facts, Theorem 4.1 follows by repeatedly applying compressions Cy v to A where
|[V| = |U| + 1 is minimal with Cy y (A) # A. The proofs of Theorems 1.1 and 1.3 will analyze the
reversal of these compressions. In the next two subsections we will prove a local stability version
of Harper’s Theorem and collect various estimates that boost the accuracy of approximation by a
generalised Hamming ball for a family with small vertex boundary. In the third subsection we prove
a stability theorem for families of size close to a ball, which implies Theorem 1.1. The main result
in the fourth subsection allows us to reverse the compressions from Theorem 4.1 for i > L. In
particular, this will show that upsets with small vertex boundary are close to generalised Hamming
balls of the first type. The second type of generalised Hamming ball then appears under reversal
of the compressions for ¢ € [0, Ly — 1]; the analysis of these steps is given in the fifth subsection,
using the local stability theorem and the stability theorem for ball-sized sets. The final subsection
contains the proof of Theorem 1.3.

4.1 Local stability for the vertex isoperimetric inequality

The main result of this subsection is our local stability result for perturbations of a generalised
Hamming ball. Recall that 7, p.g = Zm-p U (Zpmtr \ In). For F C {0,1}" and i > 0 we define
the iterated neighbourhoods N*(F) by N°(F) = F and N**1(F) = NY(F) U d,(N*(F)). We start
with some identities for the vertex boundary and iterated neighbourhoods of 7, p.£.
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Lemma 4.2. Letn >t >k >i,0< D,E < (7)) andm = (S ) + (}). Then |[N*(Jm p.p)| +
INY(Zon)| = INY(Zin—D)| + IN"(Zim+ 8], 50 [00(Tm.p.E)| + |06 (Zm)| = [00(Zm—D)| + |00(Tm1 )]

Proof. The statement on vertex boundaries is equivalent to that on neighbourhoods with ¢ = 1.
Writing T' = (2), we have

IN (Znp)| = (5,71_) + 07T D),
IN T )| = (510 + (5 + 1@,
INYZ,)| = (> kf1 Z) + (kt—i)’ and
INU(Tn.p.2) = (s 0h) + 10T o)+ 107 (2 ).
The lemma follows. O

Now we prove our local stability result. The main task of the proof is to establish a submodu-
larity property for (iterated) neighbourhoods that may have independent interest.

Lemma 4.3. Suppose A,G C {0,1}". Let A~ = ANG and At = AUG. For any i > 0 we have
INT(A) +[NU(G)] = IN* (A7) + N (AT)|, 50 [05(A)] +105(G)] = [0, (A7) + |0u(AT)].

Suppose also G is a generalised Hamming ball, namely G = (>[“]_1) ([t]) with £ <t < n, or
g= (>[;J]rl) ([t;”)u([ﬁj}) with {+1 <t <n—1. Writem = (zé+1) (2): A7 =16]-D, |A*| =

|G| + E and suppose D, FE < (z:i) Then [N“(A)| > INY(Tm.p,E)|, $0 |0y(A)] > 0u(Tm,p.E)|-

Proof. As |A| + |G| = |A™| + | AT, the statement on vertex boundaries is equivalent to that on
neighbourhoods with i = 1. Let & = N*(A")\ (N‘(A)UG). Then [N (AY)\ G| < IN{(A)\ G|+,
S0

INT(A)\ G| > INY(AT)\ G| — [€] = [NT(AT)] - |g] — [€], (5)
as G C A*. Next we observe that £ C N(G)\G (as N*(AT) = N (A)UN*(G)) and N (A")NE =0
(as NY(A™) C Ni(A)), so [IN' (A7) N (NY(G)\ )| < |NYG)| — |G| — |€]. We deduce

INY(A)NG| = [N (AT)NG| = [N'(A7)|= N (AT)N(N(GN\G)| = INT(A7)[+]G+IE|-IN*(G)]. (6)
Combining (5) with (6) gives
INT(A)] = [NY(A) NG|+ IN(A)\ G| = [N (A7) + [NT(AT)] - IN'(G)],

which is the first statement of the lemma. Now

100 (A)] 2 100 (Zm—D)| + 100 (Zm+ )| = 100(9)] = |00(Tm.D.5)I,
by Harper’s Theorem applied to A" and A~ and then Lemma 4.2. O

We conclude this subsection by showing how the local stability obtained in the previous lemma
allows us to boost the accuracy of approximation by a generalised Hamming ball for a family with
small vertex boundary.

Lemma 4.4. Let § € (0,1), ¢ = 1079 and A C {0,1}" with |[A] = (5;,) + (3), and (}) =
() + £(357). where 2 < k < |S] < n — 1. Suppose [9,(A)] < Buou(lA]) + G (,7)) and

AN\ G| < (‘S|71) 5('5‘ 3) for some generalised Hamming ball G with |G| = (>,:L_H) + (‘i‘). Then
4G < §(1F157).
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Proof. We apply Lemma 4.3 to A and G, which gives |0, (A)| > |0, (Tm,p,E)|, where m = (Zlgﬂ) +
(). D = 107\ A and £ = 1A\ GL Noto thac = (55 —0(15) and ()] =
(n) — ( )+ |3( ‘S‘ g p)|; where B = (\Slfl) — D. Our assumed upper bound on |9,(A)| implies
\8( |S\ R )l < (1 + ck(m k))( ) By Lemma 3.4.ii, applied with %Z—k) in place of ¢, we obtain
D= ‘( ) \t7‘5" 1ok E| < (\S\ 3) and so |AAg| < 5(\S| 3) o

4.2 Boosting approximations

In this subsection we collect several further lemmas for boosting approximations under the as-
sumption of small vertex boundary. We start by quantifying the defect in (2) for families that are
somewhat close to a generalised Hamming ball.

Lemma 4.5. Letn >t > ¢ > 2, and let G be a generalised Hamming ball of size m = (>;+1) + (z)
Suppose A C {0,1}" and |A| = (>;+1)+(t;1) +Ey+E5 with |A\G| = Es, where 1 < By, By < (zj)
Set Ein = max(0, By + Ey — ( ) ) and E,qq := min(E; + Eo, (z:i)) Then

|a'u(-A)| - Blo’u(|A|) ® = (fffl(El> + fffl(E2)) - (féfl(Emin) + fffl(Emaw))-

Proof. Note that Ey + Fo = Fmin + Emar and Ep, < E1, Ey < Epg,. Lemma 4.3 gives [0, (A)| >
|00 (T, ,5,)| with D = (j71) — Er. Writing m’ = (.,) + ("), we have T p g, = T4, U
(Im+ By \Im) and

100(Tm,p,12)| = 100(Ton)| + 10(Z35 ) + 10T, V)| = (EBr + E»)
> |0 (Lt )| + fe—1(E1) + fef1(E2) — (Er + Ey)
= |avj(Im’)| + flfl(Emin) + fﬁfl(Emaz) + & — (Emzn + Emaz)v

where the inequality holds by the Lovédsz form of Kruskal-Katona applied to Igl_l) and I](;z_l). As
100 (T )| = (7) — (tzl) + fg((tzl)), it remains to show

U= (7)) + (") + fem1(Bmin) + fre1(Bmaz) = (("7") + Emin + Emaz) > Biou(JAl).

We prove this inequality according to the cases E,in = 0 or Epqe = (Zj) (one of which must
hold).

F)irst consider Eypin = 0. Then Epqy = E1 + Ey < (;71). Define z > £ by (7) = [Al = (5/,) =
t?) + Emae and note that < n. By Lemma 2.4 we have U > (%) + f¢(() — Emaz) + fo—1(Emaz) —
(2) = (2) = (2) + (,Z1) = Bow(|Al), as required.

It remains to consider E,,qp = ( ) Note that fg(( ))+f[ 1(Emaz) ( }) ( ) — (z)
so U = () + fu((}) + fre1(Emin) = ((}) + Emin)- If = n then Al = (£) + Enmin and v
(Efl)Jrfg_l(Emm)fEmm = Biow(|A|). Ift < nthen |A] = (2“_1) ( ) with (f) = ( )+Emm < (
Similarly to the previous case, by Lemma 2.4 we have ¥ = (’l}) — (5) +fé(( ) Ein)+ fr—1(Emin)
(7) = () + (21) = Biow(|AD.

Our next lemma boosts the accuracy of approximation in the ‘ball part’ of a family which is
not (necessarily) ball-sized.

DI\/\./H:-’

Lemma 4.6. Let 6 € (0,1), ¢ = 10725 and A C {0,1}". Suppose |A| = (>,;L+1) + (%), with
() =()£L(;73), where2 <k <s<n-1ands € N. Suppose also |A\ (>k+1)| < ("N -46(:23)

and |9, (A)| < Bioo(JA]) + EEE (= ). Then|(2[,ﬂrl)\A\§6(k72).
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Proof. Let By = (";") = |(s1)) \ Al and By = |A\ (0] Then By + By = (") + (7).
Eraz = (";1) and B,y = (;) By assumption Fy < ("kl) - 6(;1;’), so B > (ﬁ) + 5(;:3) We
may also assume Es > 1, as otherwise we are done. Then Lemma 4.5 gives |0, (A)| — Bioyw (| A]) >

(fi(Br) + fe(B2)) — (fe((7) + fu((""))). By Lemma 2.7.iii, applied with k and w in place
of £ and ¢ we have min{E}, Fa} < ( ) + 2500( ) This bound must apply to Fs, and we deduce

‘(2k+1) \Al = E; — (k) < 5(273) H

In the next lemma, with a proof similar to the previous one but somewhat more involved, we
boost the accuracy of approximation to a ball for sets that are approximately ball-sized.

Lemma 4.7. Let § € (0,1), ¢ = 10735 and A C {0,1}". Suppose |A| = (>k) + é(‘zfi), where

2<k<ax<n. If k=2 suppose also that |A| < ( ,). Suppose |0, (A)] < Biow(|A]) + £(,%,) and
AN (D1 < GT) = 6G0)- Then |4 ()] < 5G73).

Proof. Let By = (}71) — \( ) \ Al and E3 = |A\ (["])| Note that By + By — (}71) = A\ (["])|
\(>k) \A| = |A] — |( )| The hypotheses give E1, B> < (}7]) and By > 1. We may also assume
F5 > 1, as otherwise we are done. For k = 2 note that this is already contrary to the hypothesis.
Indeed, taking m = () and D = (}~1) — E1, Lemma 4.3 gives |9,(A)| > |0y(Tm.p.5)| = 2" —|A| >
Bioy(A) + 1. Thus in this case E; = 0 and we are done.

We now assume k > 3. Applying Lemma 4.5 we obtain |0, (A)| — Bioy (| A]) > @ := (fr—1(E1) +
fk_l(EQ)) — (fk_l(Emm) + fk_l(Emaz))- We will argue according to |.A|.

First consider the case |A|] < (>”k) Then E,.;, = 0 and (Zj) — é(x_l) < Bnue = E1 +

5 \k—1
Ey < (37}). Also, ® < £(,%)) and By > 2(77}). We have [AA(I))| = D + B, where D :=
\(gﬁl) \Al = (37]) — E1 < B>+ £(}7)), so it suffices to show By < Z(¥~1). Lemma 2.7.i gives

min{Ey, Ep} < 4006(%:1) <z (z }) This upper bound is less than our lower bound on FE7, so
applies to Es.
It remains to consider [A] > ('

Here we have Epge = (Zj) and 0 < E,in = E1 +
By — (371) < 2(371). Then [AA(

\\/3\\/

W)
k-1 k-1 ) D+ Ey = 2FE5 — Ey,. However Lemma 2.7.ii gives
E2 < Emzn + 4000(i:}> < 1 Emzn + % 400C) (i:i) < %(i:%) + %Emlna which rearranging proves
\AA([;,]C)\ < (3] as required. _

Our final lemma of this subsection relates the vertex boundary of A to that of its sections,
namely the families A° and A! in {0,1}"~! defined by

Al = {2 €{0,1}"7": (z,5) € A}. (7)

We use superscripts of (n — 1) to avoid confusion between {0,1}"~! and {0,1}".

Lemma 4.8. Let§ € (0,1), ¢ = 10735 and A C {0,1}" with |A| = (>k+1) + (%), where () = (;) £
8(2-3) for some s € [k,n—1]. Suppose |0, (A)] < Bioy(IA) +® and |41] > |40] > (2-1) + (75
Then:

(i) 105D (A%)] < BV (JA) + @ and |05 (AY)] < BV (JAY) + @.

lov lov
ck l k n— T r— T
(i) If k> 2 and ® < ( )( 1) then |A°] = (>k+11) + () () or A = (>k+1) + () £
x—1
3(:21)-
Proof. Write X = |0,(A)| — Bioo(JA]) and X; = |0" V(A7) — B,V (|A7]). Then X, X, and
X, are non-negative by the Lovasz form of Harper’s theorem. We will show X > Xy + Xi,
which implies (i). First we note that |9,(A)| > |3£"_1)(A0)| + |5‘£"_1)(.A1)|, so it suffices to show
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cases according to the value of Fj.

The first case is By < (";'). Note that (}) < Ey < Ey < (".'). We have Bl(:fv 2 (JA7]) =
( ) E; + fr(E;) for j = 0,1. As Ey+ E; = (k) +( ) by concavity fi(Fo) + fr(E1) >
fk((k)) +AED) = () + () so B (14°) +B§Zv DA = 205 () + () +
() + Gz =0 = G) + (%1) = Biow(JA]), as required for (i). For (ii), first note that if
s =n—1 then ("gl) 6(k 2) < FEy < ( kl), so By = (2) :I:(S(‘z:g) by Lemma 2.2. If s < n — 2
then the previous calculation gives ® > Xo + X1 > fi(Eo) + fr(E1) — (fk((i)) + fk(("gl))), SO
Eo < () +6(;~35) by Lemma 2.7 iii.

The second case is By > ("), say By = ("') + E{ with E{ > 0. Note that Ey + B} = ().
By the lemma hypotheses, Eq > (Igl), so B < (ij) Adopting the notation of Lemma 2.8, we
write X = (””;1), Y = (ﬁj)’ Ey=X+y, BE{ =Y —y with 0 <y <Y. By concavity we have
Fie(Bo) + fi1(BY) 2 fu(X) + fima (V) = (,2,)- We have BTV (LAY) = (123) — B + fur (B), s
Bl V(A + B V(AL = ("1 = Bo+ fulBo) + (171) = Bi+ fr (BD) = (1) — () +fk<Eo>
fe—1(E7) > (”;1) —(5) + (7)) = Biow(|A]), as required for (i). For (ii), the same calculation gives
fe(Eo) + fu—1(EL) < (,%,) + ®. For k > 3 by Lemma 2.8, applied with Ck(m k)
have Ey < (";') + GOOCk(w = o) < (1) +6(G23)-

It remains to show (ii) when k& = 2 and E; > (", '). Note that here (¥) = (7) + 250 (5) =(})-
However, if Ey > (551) and Ef > 0 then applying Harper’s theorem to both A° and A!' gives
00(A)| > (("3") = Eo +s) + (") = B{ +1) = Biow(JA]) + 1 > Byoy(JA]) + @, which is a

contradiction. Thus either Ey = (8;1) or E1 =0, as required. |

Bio V(1A + BV (JAY) > Bioy(JA]). We let B; = |A7] — (2,7 for j = 0,1 and consider two

in place of ¢, we

4.3 Stability for ball-sized sets

In this subsection we will prove our first stability result for the vertex isoperimetric inequality,
which applies to families with size close to that of a Hamming ball; the case |A| = (>”k) implies
Theorem 1.1.

Theorem 4.9. Suppose 6 € (0,1/4) and A C {0,1}™ with |A| = m+ g(gj), where m = () and
0, (A)] < (14+£)(,",), withc=10736. If k = 2 suppose also that | A| < m. Then |[AAB| < 5(::})
for some Hamming ball B. Furthermore, |0y(A)| > |0y(Tm.p.E)| where D = |B\ A| and E = | A\B].

Proof. Let {(U;, Vi) }ierz,) be the sequence of compressions provided by Theorem 4.1. We show by
induction on Ly > i > 0 that there is a Hamming ball B; of radius n—k such that |B;AA;| < 6(::%)
As Ag = A this will prove the theorem (the ‘furthermore’ statement following from Lemma 4.3).
Initially, it holds with By, = B := (>k) as A, =Z4 and [A] = (&) £2(37)).

For L > i > Lo we show the required statement with B; = B. Suppose 1 € [Lo, L1 — 1] and
(U AA | <8(02h). As |Vi| = |Ui| + 1, if A€ (B\ Ai)\ (B\ Aiy1) we have |[A] =k, V C A and
UNA=10. The number of such sets A is (n—\Ull‘;IV\) < (373), 50 B\ A < B\ Aia| + (373) <
G+3(G7) <(@-06)(37)) as § < L. Lemma 4.7 (with = n) improves this to [B\ A;| < 3(}71),
as required.

Now suppose i € [0, Lo —1] and |B;1 \ Ai1] < 5( ) where Bj11 = B]!_,.(Ai+1) is a Hamming
ball of radius n — k, centred at A, 11 C [n]. We have U; = () and V; = {s} for some s € [n]. Let
BM = B;,1 and B(Q) = Bi1AMs} =B, (Aj,1), where A} | := A; 1 A{s}. We claim that

IBON A+ BN\ Ai| = [BYON Aiyr| + IBP\ Aiyal.

To see this, we consider the number of times that any set A is counted by each side of the identity. If
Cp,{s3(A) = A then interchanging A; and A; ;1 does not affect the contribution of A. This remains
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true when Cy 13 (A) # A, unless A € A; \ Ai1 and A € A;q1 \ A;. In this last case, we note that
C@,{s}(B(l) UB®@) =BM UBA 5o A contributes to the left hand side of the identity iff Co,(s3(A)
contributes to the right hand side. The claim follows.

As [Biy1 \ Aip1| < 6(771), we deduce |[BW N\ A+ |BA\ 4| < (771) +25(377), so |BU\ A <
%(Zj) + (5(2:%) < (Zj) - 6(2:%) for some B; € {BM, B} (as § < %) Lemma 4.7 improves this
to |B;AA;| < 6(771), and so completes the proof. O

4.4 Decompressing upsets

Of the two extremal families in Theorem 1.3, only one (G;) is an upset. In this subsection we show
that any upset with small vertex boundary is approximated by such a family.

Lemma 4.10. Leté € (0,3), c=107%, k > 2 and A C {0,1}" be an upset with | A| = (>k+1)+(i)
and |0, (A)| < Biow (JA|) + W(kfl), where () = (‘i‘) (‘S‘ 2) for some |S| € [k,n — 1].

Suppose that U,V C [n] are disjoint sets with [U|+ 1 = |V| > 2 and B = Cy,v(A) satisfies
IBAG| < J(IS‘ 3), where G = (>k+1) U (‘2) Then |AAG| < 5(‘5‘ 3)

Proof. First we note that |A| = |B| = |G|£(17157), s0 |G\ A|—|G\B| < [A\G|—-|B\G|+25("¥77), and
so JAAG|—|BAG| < 2(]A\G|—|B\ G| —|—§(|i|:23)). It will therefore suffice to bound | A\ G| —|B\ G,
which counts sets removed from G under the decompression, ie. Cyyv(4) € (B\ .A) NG and
A€ (A\ B)\ G. Such sets must satisfy:

(a) Cuv(4) € B\AN (1) and A€ (F)\ (7). or

(b) Cuv(A) e (B\A)N(F) and A€ (A\B)n (7).
We write T, or Ty for the families of type (a) or (b) sets as above. When bounding 7, it will be

more convenient to bound D := (Jﬁll) \ A, noting that

T.CDCT,U((1)\B).

We divide the remainder of the proof into cases according to the size of S. We start with the
case [S| <n—3. As [U| + 1 = [V| we have [|[A| — [Cy,v(A)|| <1 for any set A, so

AN )< BN G+ (A5 < () #6050 + () < () =0 (7)),

as 0 < 3. By Lemma 4.6 we deduce |T,| < |D| < 5('5':23).

To bound type (b) sets, we define an injection from 7, to AN (([2}) \ (g)) by A+— A+ s, for
some fixed s € [n] with s € S©if U CSorseVifU ¢ S. To see that this map is well-defined on
A € Ty, note that A+ s € A as Ais an upset, and s ¢ A using A C Cyy(A)UU C Sif U C S or
ANV =0if U ¢ S. We also note that

AN (N E)I< D+ 1B\ g,

asif A e AN (([Z]) \ (i)) we have A € B\ G or Cy v (A) € D. We deduce |T,| < |D|+ |B\ G| <
26(‘5‘73) so |[A\ G| —|B\G| < 36(‘Sl 1), giving [AAG] < 86(|5| 5)). Lemma 4.4 improves this to
the required bound |AAG| < 5(‘3‘ 3) which completes the proof if |S] < n — 3.

Henceforth we can assume |S| € {n —2,n — 1}. Next we consider the case U NS¢ # 0. As
UNV = we have |V NS¢ < 1. We start by bounding type (a) sets according to the two subcases
VNS¢l =0, 1. First we consider the subcase VNS¢ = {v}, in which case we can define an injection
from 7, to (“2) \Bby A~ Cyyv_yn(A). Indeed, as U C A and ANV = () we have Cyy_,(A) € (‘z)
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Furthermore, Cyv_,(A) ¢ B, as otherwise Cyy—,(A4) € Abut Cy,v(A) ¢ A, which contradicts A
being an upset. We deduce |7,| < |(‘Z) \ B| < 5(“2‘__33) in the subcase [V NS¢ = 1.

Now consider the subcase V' NS¢ = (). The same argument as in the previous subcase (using
any v € V) bounds the number of A € T, with Cyv(A) C S. This accounts for all type (a)
sets if |S| = n — 1. If |S| = n — 2 then any further sets A € 7, contain S¢, so number at
most (”;'Yl‘&‘llj'fl) < (Z:;) We deduce |T,| < (2:3) +6(|S‘ 3), so |D| < |74l +6(“2‘__33) <
(2:3) + 2(5("2':33) < (Zj) — 5(‘“2‘:23) as § < % By Lemma 4.6 we deduce |T,| < |D| < 5(‘“2‘:23),
thus bounding type (a) sets in both subcases.

Now we can bound type (b) sets by the same argument as in the case |S| < n — 3, using an
injection T, — AN (([Z]) \ (“2)) defined by A — A + v for any fixed v € V. To see that this is
well-defined on A € 7p, note that v ¢ A as Cyy(A) # A, and that U C A ¢ S. The remainder
of the proof follows as in the previous case, so henceforth we can assume |S| € {n —2,n — 1} and
Uunse=9.

We can assume S¢ ¢ V, as otherwise |[AAG| = |[BAG| < §(/151). To see this, note that
Cuv(A)=Aforany A € ([Z]) \ (i) as ANV # (), and that no A € AN (k[ﬁll) has Cy v (4) € (z),
as VNS¢ £ 0.

Without loss of generality, n € S\ V. As in (7) we use superscripts 0 and 1 to denote
the sections of a family in direction n. Note that A and Cy,y(A) belong to the same section
for any set A, as n ¢ U UV. This gives |A}| = |B!| = (”Z_kl) + 6('?:23) and |A° = |BY =
(Ze) + (B #0675 = (25h) + (1) = 2620 = (Zh) + (7)) Note that if k = 2 we have
| A = (",}). Furthermore, as A is an upset we have A° C A!, so | A°| < | A!|. Lemma 4.8 therefore

gives (00" ”<A1>\<B<" DAY + B () < BIY(JAY) + 245 (7). Then Theorem 4.9

lov lov

gives |A'AH| < §(}72) for some Hamming ball H C {0,1}"1, and Lemma 4.7 improves this to
JALAH] < 5(‘;?'_23). As A' is an upset, H = ("Zkl).

In particular, the number of type (a) and type (b) sets containing n are both bounded by
5('*2‘:23). As A c A we have |A°\ H| < (5(‘5‘_1) In particular, this bounds type (b) sets in A°.
If [S| =n—1then |[A\ G| = |A°\ H| + [A' \ H| < 25('3‘ ), and Lemma 4.4 improves this to
4G < 8(71).

Finally, we consider |S| = n — 2 and bound type (a) sets in A°. We write [n — 1]\ S = {v} and
define an injection A — Cp v (A4)—v from T,N.A° to ((i) \B)UCy,v(A°\'H). To see that this is well-
defined, first note that A € ([n 1 ) and Cyy(A) # A,sov e A\U andv € Cyy(A) € B\A. As Ais
an upset, Cyry (4)—v € (3)\A. If Cyv(4)—v ¢ (7)\B then Cyy (A—v) = Cuy(A)—v € B\ A, so
A—v e A°\H. We deduce |T,NA°| < |(3)\B|+]A°\H| < 25(1715%). Altogether, |A\G|—[B\G| <
55(‘5‘__3) so JAAG| < 126(|S| 3) and Lemma 4.4 improves this to |[AAG| < 5(‘?__23). a

4.5 Decompressing general sets

In this subsection we prove that if A has small vertex boundary and Cp (;;(A) is close to a gener-
alised Hamming ball then so is A. Without loss of generality we take ¢ = n. First we show that the
size of the intersection of two Hamming balls is a non-increasing function of the distance between
their centres. At first, this may sound too obvious to need a proof, but perhaps surprisingly, if ¢ is
odd then increasing the distance from t to ¢ + 1 makes no difference to the intersection size.

Lemma 4.11. Let fi(n,k) = |B!_,.(C) N B!_,(C")| where |CAC'| = t. Let Dy(n, k) = {A C
[n—1]: |A| = |[AA[t]] = k — 1}, Then fi(n, k) — fir1(n, k) = [Di(n, k).

Proof. We write fy(n,k) — fry1(n, k) = |By_p([n]) N By _i([n] \ [t))] — [By_([n]) N BR_p([n] \ [t +
1))| = || — |X], where X' = [{A" C [n] : |A'| > k,|JAA[l]] = k,|JAA[t +1)| = k — 1}| and
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=|{A C[n]:|A|] > k,|AAt+1]| = k, |AA[t]| = k —1}|. Every set A € X does not contain ¢+ 1,
and adding t+1 gives aset A’ € X’. The map A — AU{t+1} is injective, so |X’|—|X| is the number
of sets in X’ not in the image, i.e. |[X'| —|X|=[{A:t+ 1€ A, |A| = |AA[t]] = k}| = |De(n, k)|. O

Now we come to the main lemma of this subsection.

Lemma 4.12. Let § € (0,1), ¢ = 1077 and A C {0,1}" with |A] = () + (3) and [9,(A)] <
Biow (|A]) + W(,ﬁl), where (3) = (Ii‘) 8(‘S| 3) for some |S| € [k,n — 1] with k > 2.

Suppose B := Cy n}(A) satisfies |[BAG| < (5(|S| 3) for some generalised Hamming ball G with

G| = (>k"+1) + (“zl). Then |AAG'| < 6(‘5‘ 3) for some generalised Hamming ball G'.

Proof. First we note that the lemma is trivial for ¥ > n — 1, so we can assume k£ < n — 2. By
applying an automorphism of the cube, we may assume G = G; = (>[:J]r1) U (i) or G =Gy =
(2kn+1) U (i/) U (k"’jl) with |S]| = |S’| + 1. These two cases are in turn each split into two subcases
according to whether n belongs to S or S/, denoted by superscripts as in (7), as follows:

(@) ¢ = (U u (@) and 6f = (U2 U (1), where n ¢ S;
[n—1]

1) 6 = (Eh u () and 6 = (L) u (") U (E,), where 5 = 5"U {n};

() 68 = (L) u () u () and 63 = (L) u (")), where n ¢ 5';

(@ 68 = (L) u ) u () and 63 = (LD u (") u () U (), where 8" = 5" U {n}.
A family is of type (a) if it can be approximated up to 5(‘“2‘:23) elements by a family isomorphic
to (a), and similarly for type (b), (c), (d). Some case-checking shows that then the type and the
associated set S, S’ or §” are unique (which we omit, as we do not use this fact in the proof). We

let G° and G! denote the appropriate families for the approximation of .
As B = Cy (n1(A), we note that A and B are related by the ‘intersection-union transformation’

B =A°NnA' and B'=A4UA.

In particular, B® C B, so B cannot be of type (c), which has |G\ G| = (|S| 1) > (5(‘3‘ ) > |BAG.
By possibly swapping A and A' we can assume | A°| < |A!]; indeed, this does not affect B° and
B!, and any approximation for the ‘swapped’ family gives one for A, via the automorphism of the
cube that swaps 0 and 1 in coordinate n. We claim that the sections of A have just two possible
types of approximate sizes, namely

(i) |A° = (>k+1) (ISI) :|:5(\S\ ) and |A!| = (>k+1) + (" D id(‘5| 3 or
(i) A% = (>k+1) + (ISI H i(;(lsl ) and |AL| = (an—l-ll) + (") + ('}3'__11) i5(|i\__23).

To see this claim, first note that
A0 > 1B > 16°1 = (1) > () + (%)) = 8 ().

If (ii) does not hold then |A°| > (1) + (¥)71) + (1 3) > (I0h) + CRD) +5(:23) (the latter

by Lemma 2.2), so (i) holds by Lemma 4.8 (applied with & S in place of 9).
We now consider separate cases according to whether the type of the sizes of the sections of A is
the same as that of B. Suppose first that |A°| = |G0|£5(1¥17%) (which is the same estimate that we

know for |B°|). Then |A'| = |G'|£25('717%). As B € A® we have |GO\ A°| < |G°\ B°| < §(1F157),
50 [GOAA"| < 2/G0\ A%| + [|A] — |G°]] < 35("710). Similarly, [A'\ ¢! < B\ G| < 6(1715),
so [GTAA] < 2|AV\ G + ||AY] — 61| < 48(1715%). We deduce |AAG] < 76('715%). Lemma 4.4
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improves this to |[AAG| < 5(‘5‘ 3) so A has the same type as B, and the proof is complete in this
case.

It remains to consider the case |A°| ¢ |G°| £ 6('“2‘:23), i.e. the sizes of the sections of A are of the
opposite type to those of B. Here we note that 5 must be of type (b) or (d). Indeed, we have already
noted that (c) is impossible, and type (a) falls into the previous case, as |A°| > |G°| — 5(‘5‘_’2‘3) =
(>nl;+11) + (Ii‘) - 6(';3':23) > (>nl;+11) + (Is‘gl) + 5(‘5‘:23). Thus B has section sizes of type (ii) and A
has sections sizes of type (i).

By Lemma 4.8, 9" (A7) < B{l V(A7) + EE (7 ) for j = 0,1, As |AY = () £
5(19153) (giving |A'| = ("5,}) if k = 2), by Theorem 4.9 we have [A'AH!| < 55(1¥177) for some
Hamming ball #! in {0, 1}~ of size (- "). Now we see that B cannot be of type (d), as this would
give |G\ B > [g9\ A > (17172) - 56('5‘ 5) > 6(7157), contradiction. Thus B has type (b), i.e.
[BAG| < 5(|S| >) with G7 = (>nk+1D U( /) and G} = (>nk+1D U ([n;”) U2 1) where § = 5"U {n}.

Next we consider the subcase that (|i| 11) < (- f) -75(3= 4) We must have H! = (">kl]), as

otherwise by Lemma 4.11 we get |[B'\ G!| > [A}\ G| > (}27) — (l}jlll) - 55(‘5‘723) > 25(‘“2‘:23),
contradiction. As A°\H! C By \ H! we have |A°\G{| < (5(|S| 2), and as H'\A® C H'\B® we have
169\ A < §(1715%). Then with g9 = (;’kﬂ) U (‘Z) U (ks’l) as in (c) we have [A°AGY| < 56(17177)
(using |A°| = |GY] :I:(S(‘S‘ 3)) so |AAG,| < 106(‘S| 3). Lemma 4.4 improves this to |AAGs| <
(5('2‘723), so A has type (c), which completes the proof of this subcase.

It remains to consider the subcase that (‘il:ll) > (Z:f) - 75(::3) =(1- %)(z:f)

By Lemma 2.2 we have (,C'fll) > (1— %)(z:}) > (Zj) 775(2:;’). Then |Al| = ("Z_kl) +
§("=3) and |A°| = ("51) £76(772). By Lemma 4.8, [0V (A7)] < BV (A7) 4 Lkl (2 )
for j = 0,1, so by Theorem 4.9 we have |ALAHY < 55(2:;’) and |A°AHO| < 355(2:2’) for some
Hamming balls #°, H! in {0,1}"~! both of size (”;kl). Note that H? # H!, as otherwise we would
be in our previous case where 4 and B have the same type of section sizes.

Next we claim that the centres of H° and H' cannot be at distance more than 1 apart. To see
this, first note that either centre is at distance at most 2 from [n], as otherwise by Lemma 4.11
we get |[B!\ ([n 1])| > (Z:f) + 2(2:3), so |BY\ G > (2 -9) (Z:S’), contradiction. Furthermore,
we cannot have either centre at distance exactly 2 from [n], say H' = B"~}_,([n — 2]), as then
(" 1]) \ H! contains {A C [n—1]: |A] = k+ 1,{n — 1,n — 2} C A} of size (Z:i’) > (‘”2‘:23),
s0 [G2\ B°| > (1 — 8)(1¥157), contradiction. It remains to rule out two centres of size n — 1, say
H'=DB"", ([n—1]\{z;}) for i = 0,1. In this case H° UH! has no sets of size k — 2, which rules
out B of type (d), which has (lil_f) > (E':;’) such sets. Also, H° N H! contains all sets of size
k — 1 disjoint from {xg, z1}; there are (Z:?) > (‘i‘:;) such sets, which rules out B of type (b), and
so proves the claim.

We conclude that the centres of H? and H! are at distance 1. Let H C {0,1}" have sections

HO,H!. Then H is isomorphic to a generalised Hamming ball G’ = ( (] Ju ([";2]) (" 2]) We

>k+1
have |AAG'| < 405(}”3), and Lemma 4.4 improves this to the required approximation [AAG| <
2(i=2). :

4.6 Stability for Harper’s Theorem

We conclude this section by proving our main result on stability for vertex isoperimetry in the cube.
Proof of Theorem 1.5. Let § € (0,1), ¢ = 107%§ and A C {0,1}" with |A] = (>,?+1) + (3) and
|0y (A)| < Biow(|A]) + M( ) Let {(Ui, Vi) }ierz,) and {A;}iciz,) be as in Theorem 4.1. We

X
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will show for Ly > i > 0 that there is some generalised Hamming ball G; with |G;AA;| < 5(‘5‘ 1)
As Ay = A, the theorem will follow by taking i = 0.

We start by considering Ay, , which is ‘ball-like’, i.e. Ap, = (J;H) U B, for some B C ( ) As
|AL,| = |A|, we have |B| = (7). Theorem 4.1.iv gives (}) — () + [0(B)| = [0y (AL,)| < [8,(Ao)| <
(Z) - (z) + (1 + 7Ck(;c;k))<kml) so |0(B)] < (1 + Ck(x k))(kzl). By Theorem 1.2 (with 7Ck(j;k)

in place of ¢) we have |BA(})| < §<|S\ ;) for some S C [n], so |AL, AG| < g('i'j) where

G=( [n] Ju (k) Note that (7) = |B| = (Ii‘l) + %(Iilf). If |S| = n then the theorem follows from

>k+1
Theorem 4.9 applied to A (with M in place of ¢) so we may assume |S| <n — 1.

Next we show |A;AG| < 5(|S| 3) for L1 > i > Lg. The case i = L; was proved above.
We proceed inductively for ¢ < L1, supposing the required approximation for A;;1. As A; is an
upset with |A;] = (>k+1) + (%) and [9y(A;)| < Biow(|Ai]) + Ck;”ik)(kfl), by Lemma 4.10 we have
A AG| < 6(|S| 5), as required.

To complete the proof, we now show for Ly > ¢ > 0 that there is a generalised Hamming
ball G; with |G;AA;| < 6 (|i|:23) We showed this above for i = Ly. Proceeding inductively for
i < Lo, given the required approximation |G;+1AA;11| < 5(“:‘:23) for A;11, by Lemma 4.12 we
have |A4;AG;| < 5('5'__23) for some generalised Hamming ball G;, as required. |

5 Applications

In this section we give various applications of our stability versions of Harper’s Theorem and
Kruskal-Katona to stability versions of other results in Extremal Combinatorics. We start with
stability for the Erdés—-Ko—Rado theorem. First we recall an estimate on shadows known as the
‘LYM inequality’ (see [1]): if n > k > 1 and A C ([”]) with [A] = a(}) then [0(A)] > a(,",).
This estimate is weaker than those used elsewhere in the paper but will be convenient in some
calculations. We will use it in the following form that follows from Kruskal-Katona, Lemma 3.1.i
and LYM:

A= (") +e(o) = 0] = (G51) +a(iy)- (8)

Proof of Theorem 1.4. We apply a stability analysis to Daykin’s proof [6] of the Erdés-Ko-Rado
theorem. Suppose A C ([ ]) is intersecting. Let B,_p = {A° : A € A} and iteratively define
B; == 0(B;y1) C ([ ]) forn —k—1>1> k. Note that AN B, =0, as if A € AN By, then there is
B € B,_ with A C B, i.e. B¢ € A with AN B¢ = (), which contradicts A being intersecting. In
particular, |A| + |By| < (7). To prove the theorem, we will show that if 4| is close to (}~) then
this inequality is only possible when A is close to a star.

Let cg = 10799, ¢ = 10 3¢cg and 6 = w Suppose |A| > (176)([’;]). We may assume n > 16,

as otherwise | A| = (Z:D, so A is a star by the characterisation of equality in the Erdés—Ko—-Rado
theorem. Define x; > k by |B;| = (”’;) for all ¢ € [k,n—k|. Note that ; > x;4; for k <i <n—k by
the Lovész form of Kruskal-Katona. Also, (“"=}) = [B,_i| = |A| > (1-8)("";) > (1+28)71("7}).
As n — k > n/2 this implies (1 + 422)n=F(*n—¥) > ("), and so by Lemma 2.1.i we deduce
n—1<(1+2)z, j <z,_p+40.
We claim that |9(B,)| < (1 + <)(,*,) for some ¢ € [k,min(n — k — 1,3n/4)]. Suppose for
a contradiction that this fails. As a2y > n—2 > ™/8 > (1 + 1/6)¢ for all such ¢, by Lemma
2.1.ii applied with a = 1/6 and § = < we have xy > (1 + 1£25)x¢11. Applying this bound
iteratively, as min(n — 2k,n/4 + (n/2 — k)) > (n — 2k)/2 we obtain x > (1 + C"gé;fk))xn_k. As
Ty >N —1—46 > %" this gives Zn71746+2—g~”_T2k >n—1+45. By Lemma 2.1.i we
deduce [By| = () = (1+28) (") = (1) + 2572 (G0 = () +26(:21) as k < n/2. This
contradicts By, N.A = 0, so the claim holds.
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By Theorem 1.2, there is S C [n] with |S| € {|z¢], [z¢]} C {n—2,n—1,n} so that |BZA(?)| <
9(‘“‘;'_1) We claim that [S] = n — 1. To see this, first note that (%) < (l“jl) +0(‘“j|__11) < (ls‘;e) by
(3), 50 |S| > 24— > n—2. On the other hand, if | () \B,| < 0(}~}) then |B| > (", ") +(1-0)(3~1),

so (8) gives |Bi| > (", H+@- 9)(k_1) > (}) — |Al, which is a contradiction. Thus |S| =n — 1,
as claimed.

Now [B:(5)] > (7)-0(75") = (P77 )+(1-0) (75
() — (17171 by (8). As AN By = 0 this gives [AN (3)
statement of the lemma with the star S := ([Z]) \ (i?

Without loss of generality, S = S; = {4 € (Z]) 1 e A} As 0 < 1/2 and n > 2k we
have E = [A\ S| < 0(371) < (777). Let C == {C°: C € A\ S} C (n[f]k) Noting that
1€ Cforall C € C, we take Cp—j—1 := {C : {1} UC € C} C (n[fk"ll), and iteratively define
Ci = 0(Ciy1) forn —k—2 >0 > k—1. Then ANS; and Cr_1 + 1 are disjoint subsets of
(B + 1,50 |ANSI| < (371) = [Cemal = (23) ~ 1072 (Coim)] < (G21) — 00T ™"V,
where the last inequality holds by Kruskal-Katona (repeatedly apphed) Thus |A| = [AN S|+

AN S| < (371 = (020 R 4 B = | Fgl, as T0 MY 41 = {4° 2 A € Fgt}), so

0 |Bkﬂ(5)| > <|S\—1) (1_9)(\SI—1) =

1)
| <6(%- 2) <o(7- 1) This proves the first

Sy \ Fir = 9n=2k)(Z{"1y 4 1 The final statement of the theorem holds as if E = (,_%_,) then
\8(’L_2k)(I](5n7k71))| > (,",) by the Lovész form of Kruskal-Katona (repeatedly applied). 0

Next we prove our stability version of Katona’s Intersection Theorem.

Proof of Theorem 1.5. Suppose A C {0,1}™ is t-intersecting, where t = 2k —n > 2 and |A| >
(&) —05(7—1). Let B={A°: A € A}. Recall that we denote iterated neighbourhoods in the
cube by N?(-). Note that |[N?(A)| = |[N?(B)| for any i > 0, as A and B are isomorphic under
the automorphism of the cube that interchanges 0 and 1 in each coordinate. As A C {0,1}" is
t-intersecting we have N'=1(A)NB =0, so [N'"71(A)| < 2" — [B] < (5, ",1) +05(371)-

We claim that there is i < ¢ — 1 with |9,(N*(A))| < (1+ £)(, 7:_1) where ¢ = 107%5. To see
this claim, note that if it fails then (>n kﬂ)—l—%(" D > INLA)| > |.,4|—|—ZZ 0(1+ () =

(Zn—nk-‘rl) o5(p7)) + < Z ("z) However, if ¢t < /n we have £ Z (k"z) > 107°5(t —
n=3/22m > 205(7~1) orif t > \/n we have £ Zt;i ()= <(1—et /2")2” 1 > et /2ngn=1 5
200 (" 1) This contradiction proves the clalm

As |A| > (an) - 6’6(:_}) = (>£+1) + (" 1) + (1 —68)(7 ) by Harper’s Theorem and (8)
we have |[N(A)| > (Zkfl_i) + (Z_j) +(1—05)(,"1) = (>k ) —05(,"7")). Recalling that
IN“(A)] < (s4,); by Theorem 4.9 we have [N*(A)AHA| < 506(,"; ') for some Hamming ball
H 4. Equivalently, |[N(B)AHp| < 505(,";",) for the Hamming ball HB ={A°: A€ HA}

Write Hp = B),_;,;,(C) for some C € {0,1}", so Ha = B]:_ ,H_Z(CC), and B’ = N{(B) N Hp.
We have |B'| > (>k ) —505(," 1) = (zkfl—i) +(72H + (1 —565)(,"1,). By Harper’s Theorem
and (8) we have |[N*~!17%(B)| > (Zleth) + (kilit) + (1 595)(1@4) = (zkfkt) 595(273'
As N*=174B') ¢ N*=*B) N B:_; ., 1(C) and AN N1 (B) = 0 we deduce |A\ B!, (C°)| =
ANBE_ ., 1 (C) <505(3—;) =505(; 1), so |AABE_,(C°)| < 1165 (}71).

To prove the first statement of the lemma, it remains to show Bl!_,(C°) = (>"k) ie. C =
(). Supposing that C # @, we will obtain a contradiction to A being P intersecting, by finding
A A € ([Z]) such that AAC and A’AC are in A with |[(AAC) N (A'AC)| <t —1. To do so,
set A" = {A € ([Z]) : AAC € A} and note that |A’| > (1 —666)(}). For each ¢ € [0,|C]] let
(["]) ={A € (Z) |ANC| = £}. Note that Upcjo,c] (][ﬁné) = (["]) and a small calculation gives

|Uesic1/2 (k £)| > 1(1), as k > n/2. It follows that > >0z |A'N ( )| =D s i0)/2 |(l[C i)\ 6605(3) >

Y esjo)2(1-2465)| ("£)| Therefore | AN (1" )| > (1— 2496)|(k N |(H)\ > 0 for some ¢ > |C|/2.
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Now consider the graph G on vertex set ([”]) in which A; A, is an edge if A; and A, are as disjoint
as possible when restricted to both C and [n] \ C, i.e. |41 N A2 N C| = max(2¢ — |C],0) = 2¢ — |C
and [A1 N AN ([n]\ C)] = max(2(k — £) — (n — |C]),0). Clearly G is regular and non-empty (we
cannot have £ = |C| = k as this would give §) € A, but A is t-intersecting). Therefore A’ N (,[c”
contains an edge A1 4> € F(G). But this gives |[(A1AC) N (A2AC)| = [A1N AN ([n)\ C)| =
max(2(k — ¢) — (n —|C]),0) < ¢, since £ > |C|/2. This contradiction gives C' = {).

Writing E = | A\ ([>",]C)| and D = |(@]]€) \ A|, it remains to show D > E’. To see this, suppose

for a contradiction that D < E’. By definition of E’ we have |8t’1(IEI,?) )| > (n_Z_H) - F
k

and |9% 1(I(k 1))| > FE’ (otherwise {A°: A € 9' 1( (k= 1))} C ([”]) contradicts the definition of
E’). Then Lemma 4.3 gives |[N*=1(A)| > |N*~ 1(._7m,D’E)| > <2n7k+1) E+ FE, so |A =|B| <
— N1 (A)| < (I}) — E' + E <|A|, contradiction. Therefore D > E', so |A| < |Gg|. 0

Our final application is a stability version of Frankl’s bound for the Erdés Matching Conjecture.

Proof of Theorem 1.6. Suppose A C ( ) has no matching of size t+1 and |A| > ( ) (1+T°)(" t).
Let A’ be the set of A’ € (k[+]r) that contain some A € A. Then A’ has no matching of size t + 1,

so |A] < (,7,) — (720 by [14]. Let B= () \ Aand B' = (/1) \ A". Then [B'| > (}'!) and
9"(B') € B, so |0"(B) < (i) — Al < 1+ 5)(",).

We now proceed similarly to the proof of Theorem 1.4. We define By, ..., Bx by Brir = B’
and B; = 0(B;41) for k+r > i > k. We define x; > k by |B;| = (11) and note that x; > z;41 for
k+r>i>k Then (357) = [B'] > ( gives Tpy, > n—tand () = [By| < (1+26)("") gives
r < (1+ £5)(n —t) by Lemma 2.1.i.

Now we claim that [0(B,)| < (142¢)(,%,) for some ¢ € [k+1,k~+r]. Suppose for a contradiction
that this fails. As xy >n—t > (t+ 1)¢ for £ < k + r, by Lemma 2.1.ii we have a2y > (1 + ﬁ)xﬂl.
However, this implies x5 > (1 + %) Tr4r > (1 + £5)(n —t), which contradicts our previous upper
bound, so the claim holds.

By Theorem 1.2, there is S C [n] with |S| € {|x¢], [z¢]|} so that |85A( )| < 5(‘5‘__11). We claim
that |S| = n—t. To see this, first note that (/) < (‘?|)+5(|?|_11) < (IS‘;‘S) by (3),s0 |S| > z¢—0 >
n—t—1. On the other hand, if |S| > n—t+1 then |B,| > (", ™") =6(;=)) = (") + 1 -8)(}7)),

o (8) gives [By| > (") + (1 —0)(?=1). As § < 1/2 and r < k this contradicts the earlier bound
1Bi| < (1+2)("."), so the claim holds.

Now |8, (351 = (51— 8055 = (571) + (1= (55, s0 180 (] > (57 + (1
5)(';3'_11) (‘S‘) 6(‘Sl_1) by (8). Setting T' = S° and using r < k, we deduce that |[AAST| <

26550 + 22(709) < 3(15). -

k+7“)

6 Concluding remarks

We have obtained tight stability results on various problems for families that are close to extremal.
One consequence of our stability version of Harper’s vertex isoperimetric inequality is a character-
isation of the extremal families for sets of the same size as a generalised Hamming ball; the latter
was independently obtained by Raty [31]. Our stability result in the case of ball-sized sets applies
to families with vertex boundary that is within a factor of 1 + O(1/n) of the minimum possible.
We gave an example to show that the same accuracy of stability does not hold for larger vertex
boundary, but this still leaves open the question of establishing some stability for a wider range
of approximations to the minimum. Recently this has been achieved for ball-sized sets, where the
ball has radius o(logn), in independent work (with a different proof technique) by Przykucki and
Roberts (personal communication).
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We would be particularly interested in knowing the level of isoperimetric approximation required
for stability in the dense case (families of size £2(2™)); we believe that the following may be true.

Conjecture 6.1. Given € > 0 there is § > 0 such that the following holds. Suppose A C {0,1}™
with |A| > €2™ and |0,(A)| < (1+ %) Biow(JA|). Then |AAH| < e|A| for some Hamming ball H.

If true this dependence would be tight, as shown by taking A = H x {0, 1} where H is a Hamming
ball of size 2"~4~1 (say) in {0,1}"~ ¢ with d = ©.(n'/?).
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